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Introduction
Knudsen effusion mass spectrometry (KEMS) is a well-established technique for sampling high-temperature vapors from a Knudsen cell (Refs. 1 to 3). A typical Knudsen cell is illustrated in Figure 1 . The sample cell is heated uniformly, and an equilibrium vapor develops above the condensed phase. The effusion orifice has a well-defined geometry and directs a molecular beam composed of this vapor into the ionizer of a mass spectrometer. The requirements for Knudsen sampling include a cell orifice with a Knudsen number (ratio of the mean free path to orifice diameter) of 10 or greater. Thus molecule wall collisions dominate over molecule-molecule collisions, and the vapor in the molecular beam is representative of the vapor above the condensed phase.
Recently, Chatillon and coworkers have discussed a novel method of sampling from a Knudsen cell (Refs. 4 to 6). Their method is termed "restricted collimation" and involves two collimating apertures above the cell effusion orifice. The first is in the plate that separates the Knudsen cell chamber from the ionizer. Chatillon terms this the "field aperture." The field aperture is necessarily smaller than the Knudsen cell orifice, so that the ionizer effectively "sees" only the inside of the Knudsen cell. The second is right below the ionizing filament and is termed the "source aperture." The advantages of this restricted collimation configuration is that background is minimized. This is illustrated in Figure 2 . Such sampling is particularly useful in multi-cell instruments, to limit cross-over of molecular beams from adjacent cells.
Chatillon and coworkers have modeled restricted collimation (Refs. 4 to 6) with equations analogous to the decay of light intensity. Molecular beams are analogous to transmission of light, a stream of photons. Many of the equations developed for light are readily applicable to these molecular beams. First, note that the flux decays as 1/a 2 , where a is the distance from the source to the receiver. The basic equations for flux received from a radiating element are derived in the paper and textbook by Walsh (Refs. 7 and 8). The problem germane to the collimation of a molecular beam in mass spectrometer is in the transmission of the beam from one disc source to another co-axial disc source. The fraction of molecules F that leave the radiating disc and arrive at the receiving disk is given by 2  1   2  2  2  1  2  2  2  2  1  2  2  2  2  1  2 
Here c is the distance between the two disks, r 1 is the radius of the radiating disk, and r 2 is radius of the receiving disk. The quantity F is the unit of solid angle that reaches the second aperture (Ref. 7) . The two KEMS instruments at the NASA Glenn Research Center have been adapted for restricted collimation. The configuration from the cell to the ionizer is illustrated in Figures 3(a) and (b), for the magnetic sector instrument (Ref. 2) and quadrupole instrument, respectively. For both instruments, the Knudsen cell furnace chamber and ionizer chamber is separated by a copper plate. The field aperture in this plate is adjustable with a secondary piece, as shown in Figure 4 . This is aligned with the source aperture using a laser.
Knudsen flow through pipes has been described analytically by many investigators (Refs. 9 and 10). In this report a Monte Carlo Knudsen flow simulation for pipes is adapted to model the vaporization of the condensed phase in the cell through the cell orifice and the two apertures. The code was adapted from an earlier FORTRAN code (Ref. 17) to Microsoft Visual Basic for Excel (VBA). Thus the code is readily run on any personal computer. It is very flexible, so that the various aperture diameters and distances can be adjusted to maximize molecular beam transmission. Apertures can be added or removed to calculate basic transmission through a channel or transmission through several apertures. Additionally, the pipe cross section can be changed from cylindrical to rectangular.
Initially, major equations are derived. A description of the code follows, with a model of the systems at Glenn Research Center (Figs. 3(a) and (b) ). Finally, the calculated transmission factors for various configurations are compared with tabulated values, determined from analytical expressions and experiments. Nomenclature used in this report is listed in Appendix A.
Derivation of Equations for Starting Point and Trajectories
In this section the major equations are derived from solid geometry relations. The approach of Davis and others are followed (Refs. 11 and 17).
Solid Angles
The first step to describe a trajectory of a vaporizing molecule is to define a solid angle. Consider the hemisphere shown in Figure 5 where the angle with the x-axis  varies uniformly from 0 to /2 radians and the angle in the y,z-plane  varies from 0 to 2 radians. An infinitesimal element of the solid angle, d, is given by We can define the solid angle as the surface area of a portion of a unit sphere. In our case only  is specified and  varies randomly from 0 to 2 radians, so this area becomes an infinitesimal band around the sphere, as shown in Figure 5 . Thus the above expression simplifies to
Suppose we want the amount of solid angle from 0 to . This is found by the integration:
Cosine Distributions
Although  is a uniformly distributed random variable between 0 and 2 radians,  must follow a known cosine distribution. In other words, the elemental flux of molecules, dN θ leaving a plane into a solid angle element d with angle  to the surface normal is proportional to the cosine of that angle:
Putting Equation (3) into Equation (5) above gives
So the question is how to generate this distribution in a computer code. Following Davis (Ref. 11), we generate two uniformly distributed random numbers R between 0 and 1 and then select the larger of the two. This means that the larger the value of R is, the higher the probability of selecting it. If P(R) is the probability of selecting R, then
Let R = cos, so now we have
This is the distribution required given in Equation (5). This distribution is used to determine the initial trajectory of the simulated molecules as well as their new trajectories after wall collisions.
Direction Cosines
In order to define the trajectory of a molecule, we need to assign it direction cosines. These are simply the cosines of the angles , , and  that a vector makes with the x-, y-, and z-axes, respectively. The direction cosines can be expressed in terms of the spherical coordinates  and , discussed previously:
The cosine of  is derived via the procedure discussed in Section 3.2. As noted,  varies randomly from 0 to 2. Von Neumann (Ref. 18 ) describes a method to derive trigonometric functions for angles varying uniformly between 0 and 2 without using the more computer-time-consuming functions (e.g., trigonometric functions and square roots). Consider a rectangle formed by random numbers f and g, which both vary uniformly between 0 and 1:
The square roots in the denominators can be eliminated by using half-angle formulae:
In order to have  vary from 0 to 2,  must vary from 0 to . Thus define  in a rectangle with sides 1 0
Finally, Equations (10) to (12) are combined to yield:
Method to Determine Trajectory Endpoints
The program traces the trajectory of each molecule. A distance criterion is used to determine if the molecule (1) strikes the wall, (2) escapes from the top, or (3) returns to the bottom. In the event of a wall collision, another trajectory is calculated. First the equations are derived for a cylinder and then extended to cover the additional collimating apertures in the system. An option for rectangular apertures is also discussed.
Simulation Geometry
The geometry of the simulation and its dimensions are selected by the user with the user interface shown in Figure 6 . Each of the dimensions listed are variables to be entered in the code. Figure 7 illustrates a simple cylinder that has Cartesian coordinates defined as indicated: x is the center axis of the cylinder, and y and z are in a plane perpendicular to that center axis. This represents the orifice of the cell. The cosine distribution defining molecules initial trajectories must be oriented about the x-axis, and thus the first set of direction cosines is given as Here  1 is the direction cosine for the x-axis,  2 is the direction cosine for the y-axis, and  3 is the direction cosine for the z-axis.
Initial Trajectory
Having defined the directions a molecule leaves a surface or a plane, now define the first trajectory. Consider the base of the cylinder. Define a completely random starting point. Place the origin at the center of the cylinder base, and set the radius of the cylinder equal to one. Then select a point
where Equation (16) is the equation for a circle in the y,z-plane, representing an emissive surface at the bottom of the channel.
The first "flight" of a molecule is illustrated in Figure 7 (a). The first question to be answered is whether the molecule strikes the wall or leaves the orifice. Following Davis (Ref. 11) , this is done with a distance criterion. Two distances are calculated in the direction of the previously defined direction cosines-the distance from the base of the channel to the wall and the distance from the base to the top of the channel. Whichever distance is smaller determines the event that occurs: a wall collision or an escape from the channel. This method of distance comparison was determined to be much more efficient than computing and comparing angles of molecule trajectories, without sacrificing simulation accuracy. First consider the distance from the base of the cylinder to the wall, DW, as shown in Figure 7 (a). (17) where h is the height of the collision point on the cylinder. The value of u (the length of the base in the right triangle formed with DW and h) can be expressed in terms of the angle  between A and B (Fig. 7(b) ) by the law of cosines: 
Now determine u in terms of the direction cosines and x and y: This gives a quadratic:
The distance to the wall of the cylinder, scaled to the y-direction cosine, is given by
The distance to the top of the cylinder, scaled to the x-direction cosine, is simple and given by
where L is the length of the channel. As noted, the distance criterion is used to determine the event.
Trajectory After Wall Collision
The coordinates of the wall collision point are determined from the direction cosines:
Once the molecule strikes the wall, it reflects diffusely off the surface with a cosine distribution about the normal to the tangent at that point (y new , z new ). The molecule does not undergo specular reflection-and simply obey the law of reflection-because the surface of the channel is microscopically rough. A cosine distribution about the normal to the point of reflection is obtained by rotating the original coordinate system (which has the origin at the center of the base of the cylinder and the x-axis along the center of the cylinder). The first step in doing so is to rotate the x-axis into the negative y-axis and the y-axis into the negative x-axis so 
The next step is to rotate the y-and z-axes by an angle of transformation, ξ. The equations for rotation of the point (y 1 ,z 2 ) to the new coordinate system ) , ( 
Next cos ξ and sin ξ can be calculated as 
Also note that cos  has been defined by Equation (24) above. Thus, Equation (28) defines a set of direction cosines such that the molecule desorbs after collision with a cosine distribution about the axis perpendicular to the tangent of the desorption point. Now the issue is to determine the distance from the desorption point to (1) another wall collision, (2) the top of the channel, or (3) the bottom of the channel. Again the shortest distance is taken as the event. The distance to the wall is easily calculated from Equations (17) and (18) . Now since the point is on the edge of the cylinder, y 
The equation for the scaled distance to the top is
The equation for the scaled distance to the bottom is
If the calculated distance is negative, the molecule will never intersect with the object of interest, and the distance is assigned a very large number. As before, the shortest distance determines the event. If the molecule strikes a wall, a new collision is simulated like before. If the molecule passes out the bottom of the channel, the molecule is counted as returning to the start, and a new molecule's trajectory is simulated. Finally, if the molecule passes out the top of the channel, it is counted as an escape, and its trajectory can be traced through additional channels or apertures.
Trajectory Through Additional Aperture(s)
A molecule will pass through an aperture (with negligible thickness) if its radial distance from the central axis at the x-position of the aperture is less than the radius of the aperture. In other words,
Based on Figure 7 (a), the equation for the scale distance to the first aperture from the last collision is
where (x -L) represents the remaining distance the molecule has to travel to escape the channel from its last collision and G, the distance between the top of the channel and the aperture. We can then calculate the y and z positions of the molecule at the x-position of the aperture using the molecule's direction cosines and the previously calculated scale factor from Equation (32):
Substituting Equations (34) into Equation (32) yields
If the inequality is satisfied, the molecule passes through the aperture. This process can be repeated for as many apertures as necessary, with the only change being the distance used to calculate the scale factor SA. For example, for the second aperture shown in Figure 6 , the distance becomes (x -L) + G + H, where H is the distance between the two apertures.
Rectangular Channels and Apertures
The simulation procedure for rectangular channels and apertures is largely the same as for round ones, the major exception being the distance to wall collisions. First, calculate the distance from the starting point to y and z coordinates of the channel walls, illustrated in Figure 7 :
As for cylindrical channels, the shorter of the two distances determines the wall collision. The coordinates of the collision are obtained by simply multiplying each of the direction cosines by the scale factor (SY or SZ) and adding these values to the previous coordinates. Additionally, after a wall collision, the new cosine distribution simply needs to be rotated π/2 radians, such that the central axis of the distribution is normal to the surface on which the collision occurred. This is equivalent to setting y and z in Equation (27) to the appropriate values-either the half-width of the channel or zero. For a molecule striking the wall at y = a/2 this would mean z = 0, and 
For apertures, the only difference is that a molecule successfully passes through when the position of a molecule in the y,z-plane is less than the half-width of the channel in either coordinate:
rather than the check in Equation (31).
Results
First a series of calculations on simple cylindrical and rectangular channels is presented to compare to tabulated values and thereby verify proper operation of the code. Appendix B shows the input and output screens. Then the transmission factors for a typical restricted collimation mass spectrometer system are calculated and compared to the analytical approach used by Chatillon and coworkers (Refs. 4 and 6).
Calculated Transmission Factors
Transmission factors through cylindrical and rectangular channels have been calculated for a variety of geometries and show good agreement with tabulated transmission factors, as shown in Tables I and II  (Refs. 19 and 20) . Figure 8 shows the angular distribution of molecules effusing from cylindrical channels with various length-to-radius ratios (l/r). To create these plots, molecules are sorted into 1 bins according to the angle they make with the x-axis as they exit the channel. These counts are then normalized to the sine of the small increment of solid angle in Equation (2) and plotted on polar axes. The l/r of the channel has a strong effect on the distribution of exiting molecules, with large l/r creating a narrow beam of molecules, as opposed to the near ideal Cosine Law distribution of very low l/r. Table III contains the calculated properties of the KEMS geometry used at NASA Glenn shown in Figure 2 using 10 8 simulated molecules. A1 and A2 refer the lower and upper apertures, respectively. Only 11 percent of molecules effusing directly from the pipe do not undergo any wall collisions. However, the additional collimating apertures, A1 and A2, increase the proportion of molecules passing directly from the source to the mass spectrometer ionizer to 90 percent.
Calculated Properties for a Restricted Collimation Knudsen Effusion Mass Spectrometer
Figures 9(a) to (c) shows the views of the molecular path in a restricted collimation. In this simulation, 10 6 molecules were run. The vaporizing surface is at the bottom of the pipe. Figure 9 (a) is a view of the first 50 molecular trajectories in the pipe. Figure 9 (b) is a view of the whole beam and Figure 9 (c) is a view from the top. The open circles are the molecules that made it through to the ionizer.
In Figure 10 , the results of this method are compared to those from the analytical method used by Chatillon and coworkers (Ref. 6) to describe a restricted collimation system. The transmission factor, W, through the last aperture is plotted versus the source (upper) aperture diameter. As described by Chatillon and coworkers (Ref. 6) , the diameter of the lower orifice necessarily changes for geometry considerations. The geometry they used was reproduced as close as possible for this calculation. The calculations herein show order-of-magnitude agreement with those of Chatillon and coworkers (Refs. 4 to 6). They also show maxima, as do those of Chatillon et al. The slightly different maxima with the two approaches needs to be explored further. The calculations of Chatillon and coworkers are based on the attenuation in beam strength described by Equation (1) and an integration over the solid angle shown in Figure 2 (a). This approach treats the process more like "plug flow," and there are likely fundamental differences between this and the Monte Carlo approach where each trajectory is treated individually. Further refinements to the Monte Carlo code are the ability to handle large sample sizes and the incorporation of molecule-molecule collisions. The code in VBA seems to be limited to ~110 8 trajectories. A more appropriate computer language would be necessary to increase the sample size. Molecule-molecule collisions can be incorporated by having the molecule randomly changing direction after traversing a mean free path. These changes can be incorporated into subsequent versions.
Conclusion
The existing Monte Carlo simulation allows for the fast (10 6 molecules in ~30 s) and accurate simulation of basic Knudsen effusion mass spectrometry (KEMS) sampling geometries, allowing for the optimization of orifice sizes and spacings in order to increase transmission and decrease the average number of collisions. This approach was verified with calculation of known transmission factors for simple cylindrical and rectangular orifices. The code has calculated angular distributions of molecules emerging from an orifice and has demonstrated the advantages of a cylindrical orifice to form a directed flow. Finally, the calculations were compared to the analytical analyses of Chatillon et al. for a restricted collimation KEMS system. Future directions were also discussed. direction cosines for the x-, y-, and z-axes, respectively ξ angle of transformation of y-and z-axes after molecule collides with cylinder wall φ azimuth angle in y,z-plane Ψ angle between vectors A and B ω solid angle
Output Screen
